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Problem formulation
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Goal 
• Given  vectors  of dimension , compute the covariance 

matrix of the random variable  
• Caveat: Few samples, huge dimension, 

ne xi nx
x

ne ≪ nx

P̂ =
1

ne � 1

neX

i=1

(xi � x̄)⌦ (xi � x̄), x̄ =
1

ne

neX

i=1

xi

<latexit sha1_base64="KcmrMyzrnhpoTGX/c3jv69fMeMM="></latexit>

True covariance matrix Empirical estimate, , nx = 100 ne = 2000Estimate: ,  nx = 100 ne = 20



Why do we care about covariance estimation?
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Ensemble data assimilation\inversion 
• Global NWP 
• Physical oceanography 
• Climate modeling

Beyond Earth science 
• Statistics, AI and ML 
• “The covariance matrix is, arguably, the second most 

important object in all of statistics”
Ledoit & Wolf, The power of (non-) linear shrinking: A review 
and guide to covariance matrix estimation, Journal of Financial 
Econometrics, 20 (2022), pp. 187–218.

Why is ? 
• Global NWP: O(108) unknowns, O(106) obs. 
• PO: O(108) unknowns, O(107) obs. 
• Geomagnetic DA: O(107) unknowns, O(103) ops. 
• Climate: Train NNs on statistical data (CliMA)

ne ≪ nx

Turbulent geodynamo simulations 11

Figure 7. 3-D renderings of the fields in the S2 simulation, at the instant marked by a square in Fig. 2. The faint white line is the rotation axis.

(Christensen & Aubert 2006), the fraction of axial dipole in the
observable spectrum (up to ! = 13) is given by fdip in Table 2, and is
in reasonable agreement with the Earth’s value (fdip ! 0.68). Fig. 8
shows the magnetic field at the surface of S1 and S2 at a given time

(the same time as in Figs 5 and 7). Interestingly, the surface magnetic
field displays similarities with the surface codensity (see Fig. 7), in
particular sharp gradients near the tangent cylinder. We note that
the snapshot of S2 in Fig. 8 displays a reversed flux patch at high
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Why is ?ne ≪ nx
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NWP 
• O(108) unknowns 
• O(106) observations 
• Forecast every six hours

Physical oceanography 
• O(108) unknowns 
• O(107) observations 
• Assimilate years worth of data

Southern Ocean State EstimateNOAA

Geomagnetic DA 
• O(107) unknowns 
• O(103) observations 
• Assimilate spherical harmonics

Turbulent geodynamo simulations 11

Figure 7. 3-D renderings of the fields in the S2 simulation, at the instant marked by a square in Fig. 2. The faint white line is the rotation axis.

(Christensen & Aubert 2006), the fraction of axial dipole in the
observable spectrum (up to ! = 13) is given by fdip in Table 2, and is
in reasonable agreement with the Earth’s value (fdip ! 0.68). Fig. 8
shows the magnetic field at the surface of S1 and S2 at a given time

(the same time as in Figs 5 and 7). Interestingly, the surface magnetic
field displays similarities with the surface codensity (see Fig. 7), in
particular sharp gradients near the tangent cylinder. We note that
the snapshot of S2 in Fig. 8 displays a reversed flux patch at high
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Ensemble Kalman updates: I/II
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Ensemble Kalman filter 
• Goal: Update the state of a system 

with data
forecast

Time

forecast

inference

forecast

inference inference

• Forecast ensemble:

• Observation:

• Update:

xi, i = 1, . . . , ne

<latexit sha1_base64="dtnMNQfcqPWVrUqojMD5cAUOa9M=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgopRECrpQKLhxWcE+oAlhMpm0QyeTODMRS+jejb/ixoUibv0Bd/6NkzYLbT0wcDjnHube4yeMSmVZ30ZpZXVtfaO8Wdna3tndM/cPujJOBSYdHLNY9H0kCaOcdBRVjPQTQVDkM9Lzx1e537snQtKY36pJQtwIDTkNKUZKS55ZdSKkRn6YPUw9WofOXYoCSC/tuhPEStYh94hn1qyGNQNcJnZBaqBA2zO/dBinEeEKMyTlwLYS5WZIKIoZmVacVJIE4TEakoGmHEVEutnslik81koAw1joxxWcqb8TGYqknES+nsw3l4teLv7nDVIVnrsZ5UmqCMfzj8KUQRXDvBgYUEGwYhNNEBZU7wrxCAmEla6vokuwF09eJt3Tht1sNG+atdZFUUcZHIEqOAE2OAMtcA3aoAMweATP4BW8GU/Gi/FufMxHS0aROQR/YHz+AIqPmhA=</latexit>

x
a
i = xi +K (y � (Hxi + ⌘i))

<latexit sha1_base64="skt7WWgGlBdjqNpzmvGLusrETnE="></latexit>

y = Hx+ ⌘, ⌘ ⇠ N (0,R)

<latexit sha1_base64="v/CS7/z0nOETRu/uRqpg7t8ZFAs="></latexit>

K = PH
T
⇣
HPH

T +R

⌘�1

<latexit sha1_base64="q/EVJ8cl99fDGuLzdZH2mN72zzQ="></latexit>

• Kalman gain:

P̂ =
1

ne � 1

neX

i=1

(xi � x̄)⌦ (xi � x̄), x̄ =
1

ne

neX

i=1

xi
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Ensemble Kalman updates: II/II
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Ensemble Kalman inversion/I-EnKS 
• Goal: Fit a model to data by solving an optimization problem, 

without derivatives
argmin

x

���
���R� 1

2 (y � G(x))
���
���
2

2

<latexit sha1_base64="Fmc1T7sFic/TyOJT0UfOKaRYNR8="></latexit>

Data ModelError

• Why no derivatives?
Data: Statistics of our climate 
Model: Climate model, run for 
centuries, algorithms to extract 
statistics 
Unknown: Cloud microphysics 
parameterization (Neural Net) 



Ensemble Kalman updates: II/II
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Ensemble Kalman inversion/I-EnKS 
• Goal: Fit a model to data by solving an optimization problem, 

without derivatives
argmin

x

���
���R� 1

2 (y � G(x))
���
���
2

2

<latexit sha1_base64="Fmc1T7sFic/TyOJT0UfOKaRYNR8="></latexit>

Data ModelError

• EKI iteration

xn+1
i = xn+1

i +Cxg(Cgg +R)�1 (y � (G(xi) + ⌘i))
<latexit sha1_base64="TQhZg4fPkMRTcGmP09o6/ulseRs="></latexit>

Unknown-model 
covariance

Data-data 
covariance

• Convergence guarantees (with assumptions)* 
• EKI = Re-invention what people have used for a while** without 

guarantees

* A. Stuart and co-workers, since 2013 
** D.Oliver, M. Bocquet, P. Sakov & co-workers, since 2007



Agenda
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Problem formulation 
Partial solution in NWP 
Inspiration  
NICE 
Examples 
Summary



Is localization magical or rooted in deep mathematics?
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SOSENOAA

How can they do this?

Ensemble Kalman filtering 
• O(108) unknowns 
• O(106) observations 
• Ensemble size ~200



How I think the story went (partially verified)
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Ensemble Kalman filtering in NWP 
• They implemented EnKF 
• It did not work 
• They wondered why 
• They looked at some correlations 
• They noticed that things are off — weather in La Jolla, California is 

correlated to weather in Kobe, Japan 
• They deleted the correlations that they knew should not be there 
• EnKF started to work

Covariance localization 
• Small ensemble size implies that covariance estimates are noisy 
• Noise presents itself as a “spurious correlation” 
• Remove spurious correlations



How it’s done.
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Empirical covariance =<latexit sha1_base64="MWbL6R2hZsQThSAdMNvF0orSXwY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQS9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkmal7F2UK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP44bjMU=</latexit> Localized estimate

=<latexit sha1_base64="MWbL6R2hZsQThSAdMNvF0orSXwY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQS9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkmal7F2UK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP44bjMU=</latexit>

True covariance

ne = 20, nx = 100

�<latexit sha1_base64="900n7YW3mPjKCkcVAbcGvW6FsVk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvppl262YTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTyHxMRKI6IdVMcMl8w41gnVQxGoeCtcPx3cxvPzGleSIfzSRlQUyHkkccqbGS30OusF+pujV3DrJKvIJUoUCzX/nqDRLMYiYNCqp113NTE+RUGY6CTcu9TLOU4pgOWddSSWOmg3x+7JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZpjExaIoE8QkZPY5GXDF0IiJJRQVt7cSHFFF0dh8yjYEb/nlVdKq17zLWv3hqtq4LeIowSmcwQV4cA0NuIcm+IDA4Rle4c2Rzovz7nwsWtecYuYE/sD5/AHMwY6t</latexit>

Localization matrix �<latexit sha1_base64="900n7YW3mPjKCkcVAbcGvW6FsVk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvppl262YTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTyHxMRKI6IdVMcMl8w41gnVQxGoeCtcPx3cxvPzGleSIfzSRlQUyHkkccqbGS30OusF+pujV3DrJKvIJUoUCzX/nqDRLMYiYNCqp113NTE+RUGY6CTcu9TLOU4pgOWddSSWOmg3x+7JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZpjExaIoE8QkZPY5GXDF0IiJJRQVt7cSHFFF0dh8yjYEb/nlVdKq17zLWv3hqtq4LeIowSmcwQV4cA0NuIcm+IDA4Rle4c2Rzovz7nwsWtecYuYE/sD5/AHMwY6t</latexit>

L(`) � P̂ = Ploc
<latexit sha1_base64="p4A9ryf88/u7BiFNLANDpKPM7dE=">AAACKXicbVDJSgNBEO2JW4xb1KOXxiDoJcxEQQ8KAS8ePEQwKmSGoadTYxp7FrprxDDM73jxV7woKOrVH7GziOuDhtfvVVFVL0il0Gjbr1ZpYnJqeqY8W5mbX1hcqi6vnOkkUxzaPJGJugiYBiliaKNACRepAhYFEs6Dq8OBf34NSoskPsV+Cl7ELmMRCs7QSH616UYMe0GYHxebLki55XKhOHV7DPNPq1UU9IB+/fzcRbjBXCa8KPxqza7bQ9C/xBmTGhmj5Vcf3W7Cswhi5JJp3XHsFL2cKRRcQlFxMw0p41fsEjqGxiwC7eXDSwu6YZQuDRNlXox0qH7vyFmkdT8KTOVgXf3bG4j/eZ0Mwz0vF3GaIcR8NCjMJMWEDmKjXaGAo+wbwrgSZlfKe0wxjibcignB+X3yX3LWqDvb9cbJTq25P46jTNbIOtkkDtklTXJEWqRNOLkl9+SJPFt31oP1Yr2NSkvWuGeV/ID1/gG4Magq</latexit>

What if I can’t 
localize?
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Problem formulation 
Partial solution in NWP 
Inspiration  
NICE in 3 steps 
Examples 
Summary



What if I can’t localize?
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Idea 
• Replace spatial decay of correlation with “another” assumption

What’s the best covariance correction?

min
L

���hL � P̂�Pne!1i
���
2

Fro
<latexit sha1_base64="9e1pvY/SH05MOGW1YF07BI5s5GY="></latexit>

Morzfeld & Hodyss, 2023 
Menetrier et al. 2015, Flowerdew, 2015

Lij =
⇢2ijne(ne � 1)

⇢iijj(ne � 1) + ⇢2ij(n
2
e � 2ne + 2) + 1

,

<latexit sha1_base64="QFQbLjPiy7qaVApodz8pcnLdsk0="></latexit>

(Gaussian)Lij =
⇢2ij(ne � 1)

1 + ⇢2ijne
<latexit sha1_base64="1usXk3+fcMFDv3/2YmU8c2Z3NHc="></latexit>
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Optimal Localization
Lij =

⇢2ij(ne + 1)

1 + ⇢2ijne
<latexit sha1_base64="IKmZtPo1Mi1vcc2x1EpAw2hp6Uk="></latexit>

** Y. Lee, 2021
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Sampling error 
correction**

Lij = |⇢ij |�
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Large: 
trustworthy

Small: 
noisy

Large: 
trustworthy

Small: 
noisy

Large: 
trustworthy

Small: 
noisy

Small correlations are noisy, large 
correlations are trustworthy



Noise-informed Covariance Estimation (NICE)
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Idea 
• “Small correlations are noisy, large correlations are trustworthy” 
• The method should further be: 

- Adaptive (no/little tuning) 
- Inexpensive (no optimization over matrices) 
- Guarantee PSD estimates (stability of EnKFs)



Importance of PSD estimates
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Do I really care about PSD?
• Yes! 
• EnKF goes unstable if covariance estimates are not PSD

K = PH
T (HPH

T +R| {z }
ill-conditioned

)�1

<latexit sha1_base64="b3Dj/+FpPwqUiZLM7YEg7G0VZQY="></latexit>

• Yes! 
• En-Var systems can’t minimize if covariance estimates are not PSD

PSD constraint is not for elegance, it’s needed!

J(x) =
���R�1/2(M(x)� y)

���
2
+

���B�1/2(x�m)
���
2

<latexit sha1_base64="EHnqghNsnViWqKntEf2pVO8doJA="></latexit>
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Noise-informed Covariance Estimation (NICE)
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Idea 
• “Small correlations are noisy, large correlations are trustworthy” 
• The method should further be: 

- Adaptive (no/little tuning) 
- Inexpensive (no optimization over matrices) 
- Guarantee PSD estimates (stability of EnKFs)

Ingredients 
• Inexpensive  raise correlations to a power 
• PSD guarantees  Choose powers wisely and interpolate 
• Adaptivity  Make corrections based on expected noise level 

(Morozov’s discrepancy principle)

→
→

→



Morozov’s discrepancy principle
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Classical inverse theory

• Solution  depends on “regularization parameter”  
• Determine  such that

x*α α
α

ky � f(x⇤
↵)k2  S

<latexit sha1_base64="DH+bw1wM5zgYMYpohhexGJEZEVs=">AAACF3icbVDLSgMxFM3UV62vqks3wSJUwTJTCroRCm5cVrQP6IxDJs20oZnMmGTEYdq/cOOvuHGhiFvd+TemD0FbDwROzrmXe+/xIkalMs0vI7OwuLS8kl3Nra1vbG7lt3caMowFJnUcslC0PCQJo5zUFVWMtCJBUOAx0vT65yO/eUeEpCG/VklEnAB1OfUpRkpLbr5kD+wAqZ7np8nw2C/+fO6Hro1Y1EM3R4fQHrhlm5FbeOXmC2bJHAPOE2tKCmCKmpv/tDshjgPCFWZIyrZlRspJkVAUMzLM2bEkEcJ91CVtTTkKiHTS8V1DeKCVDvRDoR9XcKz+7khRIGUSeLpytLac9Ubif147Vv6pk1IexYpwPBnkxwyqEI5Cgh0qCFYs0QRhQfWuEPeQQFjpKHM6BGv25HnSKJesSqlyWSlUz6ZxZMEe2AdFYIETUAUXoAbqAIMH8ARewKvxaDwbb8b7pDRjTHt2wR8YH9+0gZ+V</latexit>

Noise level

min
x

ky � f(x)k22 + ↵kxk22
<latexit sha1_base64="bWfkDaKXSKlOG7P1XmjMtMT+Ez8="></latexit>

• Correct correlation by raising it to a power:

k⇢̂� ⇢̂↵k2  S

<latexit sha1_base64="gYlcae6buIGs67L4GVVWIj0xV+o=">AAACEnicbZC7SgNBFIZn4y3GW9TSZjAIWhh2Q0AbIWBjGdFcILssZyez2SGzF2dmhbDJM9j4KjYWitha2fk2Ti6gJv4w8PGfczhzfi/hTCrT/DJyS8srq2v59cLG5tb2TnF3rynjVBDaIDGPRdsDSTmLaEMxxWk7ERRCj9OW178c11v3VEgWR7dqkFAnhF7EfEZAacstnthDOwCV2SKIR6c/6NrAkwCwPXQrNqd3+MYtlsyyORFeBGsGJTRT3S1+2t2YpCGNFOEgZccyE+VkIBQjnI4KdippAqQPPdrRGEFIpZNNThrhI+10sR8L/SKFJ+7viQxCKQehpztDUIGcr43N/2qdVPnnTsaiJFU0ItNFfsqxivE4H9xlghLFBxqACKb/ikkAAojSKRZ0CNb8yYvQrJStarl6XS3VLmZx5NEBOkTHyEJnqIauUB01EEEP6Am9oFfj0Xg23oz3aWvOmM3soz8yPr4BsYmeEw==</latexit>

⇢̂↵ = ⇢↵ · ⇢
<latexit sha1_base64="8AMIGs6H9FQi1V+fa61miDKVcDU=">AAACE3icbVBNS8NAEN3U7/oV9ehlsQjioSRV0IsgePGoYKvQxDLZbpulm2zYnQgl9D948a948aCIVy/e/Ddu2xz8erDw5r0ZZudFmRQGPe/TqczMzs0vLC5Vl1dW19bdjc2WUblmvMmUVPomAsOlSHkTBUp+k2kOSST5dTQ4G/vXd1wbodIrHGY8TKCfip5ggFbquPtBDFgEOlajTgAyi4Ge0HF5W1YB6yqcKB235tW9Cehf4pekRkpcdNyPoKtYnvAUmQRj2r6XYViARsEkH1WD3PAM2AD6vG1pCgk3YTG5aUR3rdKlPaXtS5FO1O8TBSTGDJPIdiaAsfntjcX/vHaOveOwEGmWI0/ZdFEvlxQVHQdEu0JzhnJoCTAt7F8pi0EDQxtj1Ybg/z75L2k16v5BvXF5WDs9KeNYJNtkh+wRnxyRU3JOLkiTMHJPHskzeXEenCfn1XmbtlaccmaL/IDz/gXKdp4S</latexit>

• Pick largest  such that:α

Application to correlation correction



Noise-informed Covariance Estimation (NICE)
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NICE in 3 steps



Noise-informed Covariance Estimation (NICE)
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1. Compute expected noise level S⇢ =

vuut
nX

i=1

nX

j=1

(�⇢ij )
2

<latexit sha1_base64="FGHgcd6PvvOCjCQhwsj/fMlWzy8="></latexit>

�⇢ij =
1� ⇢2ijp

ne
<latexit sha1_base64="ZyLvy8W/zTyWRTX0mBscpAFPeLM=">AAACHnicbVDLSgMxFM3UV62vUZdugkVwY5mpii4UCm5cVrAP6NQhk2ba2ExmTDJCCfMlbvwVNy4UEVzp35g+EG09cOFwzr3ce0+QMCqV43xZubn5hcWl/HJhZXVtfcPe3KrLOBWY1HDMYtEMkCSMclJTVDHSTARBUcBII+hfDP3GPRGSxvxaDRLSjlCX05BipIzk28eepN0I+doTvdjX9DbL4Dn0QoGwdg9+xJtypj15J5TmPsky3y46JWcEOEvcCSmCCaq+/eF1YpxGhCvMkJQt10lUWyOhKGYkK3ipJAnCfdQlLUM5iohs69F7GdwzSgeGsTDFFRypvyc0iqQcRIHpjJDqyWlvKP7ntVIVnrY15UmqCMfjRWHKoIrhMCvYoYJgxQaGICyouRXiHjLRKJNowYTgTr88S+rlkntYKl8dFStnkzjyYAfsgn3gghNQAZegCmoAgwfwBF7Aq/VoPVtv1vu4NWdNZrbBH1if3yt6o8A=</latexit>
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1. Compute expected noise level S⇢ =

vuut
nX

i=1

nX

j=1

(�⇢ij )
2

<latexit sha1_base64="FGHgcd6PvvOCjCQhwsj/fMlWzy8="></latexit>

�⇢ij =
1� ⇢2ijp

ne
<latexit sha1_base64="ZyLvy8W/zTyWRTX0mBscpAFPeLM=">AAACHnicbVDLSgMxFM3UV62vUZdugkVwY5mpii4UCm5cVrAP6NQhk2ba2ExmTDJCCfMlbvwVNy4UEVzp35g+EG09cOFwzr3ce0+QMCqV43xZubn5hcWl/HJhZXVtfcPe3KrLOBWY1HDMYtEMkCSMclJTVDHSTARBUcBII+hfDP3GPRGSxvxaDRLSjlCX05BipIzk28eepN0I+doTvdjX9DbL4Dn0QoGwdg9+xJtypj15J5TmPsky3y46JWcEOEvcCSmCCaq+/eF1YpxGhCvMkJQt10lUWyOhKGYkK3ipJAnCfdQlLUM5iohs69F7GdwzSgeGsTDFFRypvyc0iqQcRIHpjJDqyWlvKP7ntVIVnrY15UmqCMfjRWHKoIrhMCvYoYJgxQaGICyouRXiHjLRKJNowYTgTr88S+rlkntYKl8dFStnkzjyYAfsgn3gghNQAZegCmoAgwfwBF7Aq/VoPVtv1vu4NWdNZrbBH1if3yt6o8A=</latexit>

2.Compute a strong correction
• Raise correlation to an even power to 

preserve PSD property 
• Determine power via discrepancy 

principle -  break it to obtain a 
correction that is “too strong”
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Pick the smallest  that 
breaks the discrepancy 

principle

γ

3. Interpolate to a lower, even 
power to get the correction just 
right
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1. It’s a few lines of code 
2.NICE has connections with Jeff 

Anderson’s sampling error correction 
but guarantees PSD estimates 

3.Can be used within LETKF or EAKF 
or En-Var

NICE

True Ensemble



What else can I try?
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Competitors 
• Graphical lasso (Tibshirani) 
• Soft thresholding (Wainwright) 
• Sparse Covariance estimation (Xue, Ma, Zou) 
• Convex sparse Cholesky selection (Rajaratnam) 
• Sampling error correction (Anderson, Lee) 
• Optimal localization (benchmark)

adaptive, efficient, PSD

adaptive, efficient, PSD
adaptive, efficient, PSD
adaptive, efficient, PSD

infeasible

adaptive, efficient, PSD

Stats methods solve optimization problems 

Graphical Lasso

Convex Sparse 
Cholesky Selection

Sparse covariance 
estimation FSCE(P) =

1

2
kP� P̂k2Fro + �

X

j 6=k

|Pjk|
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Does NICE work?
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Test cases 
• Synthetic covariance examples (sanity check) 
• Cycling DA with EnKF (synthetic and semi-real) 
• Inversion of electromagnetic field data 
• Training of feed-forward neural net on time averaged 

data from a chaotic dynamics

NICE is just as good or better than other, tuned 
methods, but computationally more efficient

Bonus:  
• Discrepancy principle can make other methods adaptive 
• We created 5 other adaptive schemes 

1. Partially adaptive NICE (PANIC) 
2. Adaptive localization (Ad.-Loc) 
3. Adaptive power law corrections (Ad.-PLC) 
4. Adaptive soft thresholding (Ad.-ST) 
5. Adaptive sparse covariance estimation (ASCE)



Sanity checks on Gaussians: ,  n = 100 ne = 20
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Sanity checks on Gaussians: ,  n = 1000 ne = 20
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Sanity checks on Gaussians: ,  n = 100 ne = 20
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Sanity checks on Lorenz ’95 (yawn)
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• Typical cycling DA setup from MWR papers 
• Reiterates results of static covariance estimation 
• Cycling DA does not break our ideas



Geomagnetic DA
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• KS equation coupled to an induction equation 
• One quantity (magnetic field) is observed, the 

other (velocity) unobserved 
• Correlation structure is erratic/hard to anticipate 
• Localization fails on this example 
• NICE outperformed a heavily tuned shrinkage 

correction 
• NICE is not tuned in any way

Vorticity of velocity 
(Truth)

Vorticity of velocity 
(NICE)



Geophysical inversion of marine magentotelluric data
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Training a NN with time-averaged data of chaotic dynamics
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Where can I try NICE?
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• Our Matlab code is on github 
• CliMA/EnsembleKalmanProcesses.jl 

 CliMA - Climate Modeling Alliance 

• JEDI/SABER/BUMP 
 JEDI - Joint Effort for Data assimilation Integration 
 SABER - System Agnostic Background Error Representation 
 BUMP - Background error on Unstructured Mesh Package  

• NEDAS 
 Next-generation Ensemble Data Assimilation System
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Summary
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Facts 
• High-dimensional covariance estimation from a small number of 

samples is (a) important; and (b) difficult. 
• NWP has solved this problem under the assumption that correlation 

decays with distance (but statisticians don’t seem to care) 
Contribution 

• Assumption: Small/medium correlations are noisy and should be more 
heavily damped than large ones 

• We turned this idea into a simple, robust, adaptive algorithm (NICE)

NICE Properties 
• Adaptive and tuning-free 
• PSD guarantees (as opposed to many other schemes) 
• Works just as well or better than more sophisticated alternatives 
• Has proven useful in a large number of diverse test problems

Bonus 
• We made 5 other covariance estimation schemes adaptive



Summary (continued)
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Cross-correlations are hard 
• NICE works well for , ,  P HPHT Cyy

x
a
i = xi +K (y � (Hxi + ⌘i))

<latexit sha1_base64="skt7WWgGlBdjqNpzmvGLusrETnE="></latexit>

K = Cxy (Cyy +R)�1
<latexit sha1_base64="tQ/kuYijnGdRW5Q3tpfKNgoDFU8="></latexit>

easyhard
• Current strategy: Turn down the correction with a “fudge factor” 

• Replace noise level: , where Sρ → δSρ δ ≤ 1
Scalability: How large can I go? 

• NICE requires that we calculate all correlations  scalable to  
variables 

• NICE can be incorporated into scalable frameworks (ETKF, EAKF) and 
then is as scalable as the framework (requires additional assumptions) 

• NICE can also be incorporated into hybrid ensemble-variational 
schemes (JEDI)

→ O(104)
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